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Classical Newmark method

Consider a second order differential equation

d*q

pro M(q,q) (Hereqge Q=R")

The (classical) Newmark method is given by

) 1 ) )
Qkr1 = Gk + hgy + h? (2 — 5) F(qk, k) + BT (qhs1, Grr1)
Gk+1 = gk + h (1 — ) T(qk, 4k) + MT(Gk+1, Get1)

where 0 <y <land 0<p<1/2.
Important case: v = 1/2 (second-order method)



The exponential map for a SODE

d?q .
e SODE: ol M(q,q)

@ g € Q, h> 0 sufficiently small

Exponential map:
expgp i UC TqQ — @

Take v € U C T,4Q, consider the unique trajectory y(t) with this
initial condition, and define

expg,n(v) = v(h)



A natural idea to derive a numerical method is to consider a
discretization of the exponential map expgh U C T4Q — Q that
is, an approximation of the continuous exponential map. If Q is a
vector space, a common example of a discretization is the second
order Taylor expansion of ~(h)
h2
-
expg p(v) = q+ hv + ?r(q, v) .

Definition

A discretization of the exponential map of a second order differential
equation is a family of maps expih : TqQ — Q depending on a
parameter h € (—hg, ho) with hg > 0 such that expgyg(vq) =g and
the first and second derivatives with respect to h satisfy

d
— expih(v) =v, — expih(v) =I(q,v), VveT,Q.
dh|,_o

v




Given a discretization expgh 1 TqQ — @ we now want to
approximate the velocity 7(h).

Write
— exnd
Gr+1 = expg, p(vi)
Gk = exp§, | _p(Vi1)

This defines, under suitable regularity conditions, a map
O TQ — TQ, (qk, vik) = (Grt1, vikr1) (discrete flow).



Any discretization expgh, along with the resulting discrete flow CDZ,
induces a family of maps depending on a parameter 5 € [0,1/2]:

2
expl, () = kvt (1= 28)T (g, ) + 267 (g, w))

For 8 =0, this is exp;h.
Writing CDZ(qk, Vk) = (Gk+1, Vk+1) We get the alternative expression

h2
expl, ,(vi) = Gk + hvic+ = ((1 —=28)(ak; vi) + 26T (qk11, vis1))



Newmark method in terms of exp

It turns out that the Newmark method can be written as

i1 = expl (Vi)
= e y(ves)

with parameters 0 < 8,3’ <1/2. That is

h2
Gk+1 = qk + hvy + ?(1 — 2B)T(qk, vk) + h*BT(qkr1, Vis1)
h2
Qk = Qk+1 — hvip1 + ?(1 — 26 (qrs1s Vier1) + P2 BT (qx, vic)

Newmark's parameter ~y is v = %(1 — 28"+ 2p).
Note vy =1/2 < =0



Nonholonomic mechanics

Configuration space @

Lagrangian function L : TQ — R

Nonholonomic constraints given by a (nonintegrable) distribution D.
In coordinates,

pi(q)g' =0, m+1<a<n,
where rank (D) = m < n. The annihilator D° is locally given by
D° = span {u" =pi(q)dg’; m+1<a< n} :

where the 1-forms 1@ are linearly independent at every point.



The equations of motion are given by the Lagrange-d'Alembert
principle. A curve g : [0, T] — Q is an admissible motion of the
system if

i
M—alo L(q(t).4(t)) de =0,

for all variations satisfying dq (t) € Dg), 0 <t < T,
5q(0) = dq(T) = 0. The velocity of the curve itself must also
satisfy the constraints, that is, 17(q(t)) ¢'(t) = 0.

Nonholonomic equations of motion:
d oL _ oL e
dt \ogi | —aqg — M
#(q) 4 =0,

where A\;, m+ 1 < a < n, are Lagrange multipliers to be
determined.



If we assume that the nonholonomic system is regular, which is
guaranteed if the Hessian matrix

2

is positive (or negative) definite, then the nonholonomic equations
can be represented as a second order differential equation I,
restricted to the constraint space determined by D. We can rewrite
the equations of motion as a vector field on the tangent bundle
o =T+ A3Z7 where

9 oL oL P

r =4 - WU —_— — 71( -

L= 5 T 9¢  9giogk? ) a4
9
7o = Wiz 9
/'LJ aql

where (W?7) is the inverse matrix of (W).



Moreover, the Lagrange multipliers are completely determined and
are given by the expression

Ay = _CabrL(:U’?c.li)’
where (C,p) is the inverse matrix of (C??) = (17 W pP). This matrix
is invertible if and only if the nonholonomic system (L, D) is regular.

Remark: For the case of linear constraints, the energy is preserved
by the motion.



The exponential map for nonholonomic systems

We can define an exponential map analogous to the one we had
before:

expgf’h Uy S Dy — Q
vg — v(h)

where « is the solution curve starting from g, and with initial
velocity vq.

Define the exact discrete constraint space at g:
M" T equ h(uq)

which is a submanifold of @ of dimension rank(D).

Roughly speaking, these are the points that are reachable from gq.



Nonholonomic dynamics given by

Con(q, v, A) =Ti(q,v) + AZ(q, v)
where the Lagrange multipliers are derived from the nonholonomic
constraints ¢(t) € D).

Given q, vg, write § = y(h) = expgf’h(vq), and V5 = y(h).
From the properties of the flow of the (second order) vector field
I n, we have

G= eXPZf’h(Vq)
q

eXngLh(‘N/c?)

Observe that the final position and velocity satisfy the constraints
G € M7y and V5 € Dy.



The nonholonomic Newmark method

For the holonomic case, we had (g, v), defined the exponential
map expg ,, and wrote

2

h
engk,h(Vk) = qk+h‘/’<+§ ((1—=28) (g, vi) + 28T (qre+1, vis1))

Now we have I,4(q, v, A), the (exact) exponential map equ , and

we define
exp,’ ”BA)‘ :Dg — Q
d.BAN h?
exp, i (Vi) = qic + hvie + > (1 —28)Fun(qk, vi, Ak)

+287 nh(Ght15 Vi1 Nig1)

where 3 € [0,1/2] and the Lagrange multipliers A and X’ force the
final (for this step) conditions gxy1 € Mgk,h and viy1 € Dy, ., .



Nonholonomic Newmark method

The nonholonomic Newmark method with parameters (3, 8'),
0 < 8,8 <1/2is the integrator F,?’B : D — D implicitly given by

d,B,\\N
k1 = expg 7" (Vi)
_ d,s’ '\
k = eXPQk+17—h (Vk+1)
d
qk+1 S qu’h
Vit1 € D,y

or

i1 = Ge + hvic+ ((1 = 2B8)Fan(qk; Vies M) + 28T an(qr+15 Vier 1, >\§<+1))
Gk = Qry1 — hvigr + %2 (25'rnh(q;« Vi, Ak) + (1 = 28" nn(Grs1s Vit /\2+1))
Qky1 € MY,

Vk+1 € Dflk+1



Discretization of the constraints

Nonholonomic constraint distribution D defined by the equations

¢%(q,v) = (1°(q),v)

Possible discretizations of the constraints:

aq —4q
®(qk, qr+1) = <Ma (1 - a)gk + aqis1) thk> . a€lo,1].

or

8 (aw.aue0) = (0 ) (@) + an (g), B2 ) e o)

Whenever it is clear which of the constraint discretizations we are

using, we will simply denote the associated nonholonomic Newmark
!

flow by F7* . D = D,



Some special cases

o If the discrete constraints are symmetric (which is true if
a =1/2), and g = [, then the nonholonomic Newmark
method is at least of order 2.
e If 3= /3 =0 we recover the DLA algorithm.
o (FP%)* = FP%! (adjoint of a method ®j, is % = (®_;)~1)
¢ (R = FO1o0

oV, = F,?)g’l o ,_-/?)(2),0 is a second order method.
@ The case 4 ' = 1/2 should be avoided, because the system

of equations for the method becomes ill-conditioned.



Example: Chaotic nonholonomic particle

[McLachlan and Perlmutter, 2006].

Q = RS with coordinates g = (x, y1, y2, 21, 22)

. 1. . 1
L(g,q) = Slldl* = S(llal* + 22 + yiz + v3 %),
Constraint x + y121 + y»220 = 0.

The motion of the chaotic particle is given by the system of
differential equations

(%= —x + A
n=-y1-nz
Vo =—yo— 27}
H=—z1—22Z — Yz +n
h=-2n—-Zzn-yizn+p
\)'< +y121 + y220 = 0.
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Black: Newmark with 8 =p4"=.1, a =1/2
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h/2 h/2



Pendulum-driven CVT (continuous variable transmission)

[Modin and Verdier, 2020]

Q = R3 with coordinates (x, y,£). We denote g = (x, y).
Nonholonomic continuous variable transmission (CVT) system
determined by an independent Hamiltonian subsystem called the

driver system.
L(x,y,& % y,€) = Zq, +riq; | +1(6,€),

where /(¢,£) = %{2 — V/(&). The nonholonomic constraint is of the
form
y+f(&)x=0.

The motion of this family of systems is given by the equations

X = K1x + Af(§)

V=FKay+ A

§=-V'(¢)

y+f(E)x=0



From now on, we take

V(€) = cos(€) — “'”2(25) F(E) = sin(€), k= ko = —1.

This example has the property that for € = 0, the system is no
longer integrable reversible and so, good long time behaviour

observed in most nonholonomic integrators is lost in this case
[Modin and Verdier 2020].
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Black: Newmark with 8 =p4"=.1, a =1/2

Green: Newmark with 3 =" =0, « =1/2 (DLA)

Red: 4th-order Runge-Kutta for the continuous equations (with A
computed from constraints)

Blue: Composite method V), = Fh/gl F,?/go.
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High energy value (6.0), localized in the driver subsystem

Black: Newmark with 3 ='=0, a = 1/2 SDLA)
Blue: Compos te method V¥, = F;?/z Fh/27
Green: “Fair” Composite method W,
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