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In this work, we study the Hölder regularity of the gradient of weak solutions to degenerate quasilinear
elliptic equations in dimension two, both in the interior of the domain and up to a flat portion of the
boundary.

In the interior setting, let p > 2, q > 2, and 0 < τ ≤ 1. We consider a weak solution u ∈W 1,p(B 1) of the
equation

−div
(
|∇u|p−2∇u

)
= f + divF in B1 ⊂ R2,

under the assumptions
f ∈ Lq(B1), F ∈ C0,τ (B1;R2).

Defining

αint := mı́n

{
1− 2

q

p− 1
,

τ

p− 1

}
,

we establish that
u ∈ C1,αint

loc (B1)

and obtain the quantitative estimate

‖u‖C1,αint (B1/2)
≤ C

(
‖u‖L∞(B1) + ‖f‖

1
p−1

Lq(B1)
+ [F ] C0,τ (B 1)

1
p−1

)
.

The exponent α int highlights the interaction between the integrability of the source term f , the Hölder
regularity of the vector field F , and the intrinsic degeneracy of the p-Laplacian operator.

We next address regularity up to the flat boundary. Denoting

B+
1 := B1 ∩ {x2 > 0}, B′1 := B1 ∩ {x2 = 0},

we consider the Dirichlet problem{
−div(A(∇u)) = f + divF in B+

1 ,

u = g&on B 1′,

where A is an autonomous vector field with p-Laplacian-type structure, satisfying the standard growth,
coercivity, and p-elliptic monotonicity conditions. Assuming

f ∈ Lq(B+
1 ), F ∈ C0,θ(B+

1 ;R2), g ∈ C1,γ(B′1),

with 0 < θ < 1 and 0 < γ ≤ 1, we prove that, for every

0 < α∂ < mı́n

{
1− 2

q

p− 1
,

θ

p− 1
, γ

}
,

one has
u ∈ C1,α∂

(
B+

1/2

)
,

1



together with the estimate

[∇u] C0,α ∂(B 1/2+) ≤ C
(
‖∇u‖ L∞(B 1+) + ‖g‖ C1,γ(B 1′) + ‖f‖ Lq(B 1+)

1
p−1 + [F ] C0,θ(B 1+)

1
p−1

)
.

Consequently, the gradient admits a Hölder continuous extension up to the flat boundary, with an exponent
determined by the regularities of the terms f , F , and the Dirichlet datum g.

The proofs combine perturbative a priori estimates with rescaling, compactness, and blow-up arguments.
The analysis of the limiting profiles is completed by means of Liouville-type principles, while a regulariza-
tion and approximation procedure allows the estimates obtained to be transferred to the setting of weak
solutions.

Trabajo en conjunto con João Vitor da Silva (Universidade Estadual de Campinas, Brasil).
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[7] O. Martio, S. Rickman and J. Väisälä, “Definitions for quasiregular mappings,” Annales Academiae
Scientiarum Fennicae, Series A I. Mathematica 448 (1969), 1–40. DOI: 10.5186/aasfm.1969.448.

[8] S. Stöılow, Leçons sur les principes topologiques de la théorie des fonctions analytiques, Gauthier–Villars,
Paris, 1956.

2


